Fundamental Gates for a Strongly Correlated Two-Electron Quantum Ring 
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We demonstrate that conditional as well as unconditional basic operations which are prerequisite 
for universal quantum gates can be performed with almost 100% fidelity within a strongly interacting 
two-electron quantum ring. Both sets of operations are based on a quantum control algorithm that 
optimizes a driving electromagnetic pulse for a given quantum gate. The demonstrated transitions 
occur on a time scale much shorter than typical decoherence times of the system. 
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Quantum computing requires a set of fundamental 
single-qubit operations which can address and manipu- 
late each qubit regardless of the state of the others. In 
addition at least one conditional operation must be de- 
fined which can address any chosen qubit based on the 
status of another [l[ . This poses a major challenge in all 
logical devices composed of strongly interacting single 
particle qubits: The interaction then creates entangled 
multi-particle states which hide the single particle char- 
acter completely, e.g. regarding the energy spectrum or 
the spatial particle distribution. Nevertheless, several ba- 
sic operations and quantum information algorithms have 
been demonstrated, in nuclear magnetic resonances 
trapped ions Q and coupled superconducting Josephson 
junctions but scalability and decoherence remain se- 
vere obstacles in taking experiments from a demonstra- 
tion level to manipulation of a large number of qubits. 

The original idea to build gates from coupled quan- 
tum dots by Loss and DiVincenzo @ was based on sin- 
gle electron spin states interacting in neighboring dots. 
Recently Petta et. al. Q demonstrated single qubit con- 
trol using the total spin state of a two-electron quantum 
dot molecule. Conditional operations in coupled quan- 
tum dots have also been experimentally demonstrated Q , 
where excited states are a part of the information carrier. 
Another suggestion has been to include two qubits in a 
single quantum dot molecule with the total spin as one 
qubit and charge localization as the other Q . 

Relative to coupled quantum dot-molecules and quan- 
tum dot-arrays, the quantum-ring structure possesses a 
high-degree of symmetry, implying the existence of con- 
served quantities, e.g. persistent currents @, related to 
the conservation of total electron angular momentum. 
The use of conserved quantities for the buildup of a 
quantum processor may be advantageous, compared to 
e.g. charge localized states, since the former are time- 
independent as long as weak decoherence mechanisms, 
such as spin-orbit or hyperfine interactions, can be ne- 
glected. In compliance with this we recently proposed the 
two-electron quantum ring total angular momentum and 
total electron spin as a pair of independent qubits flfjj . 
Since the total angular momentum is truly multivalued, 



M L = 0,±1,± 2, ... we coined this system a "quMbit". 

In this Letter we show that the total orbital angular 
momentum and the total electron spin in the two-electron 
quantum ring, in spite of the strong electron-electron in- 
teraction, can be coherently and independently manip- 
ulated and that the intended quantum state is obtained 
with almost 100% probability. Hereby successful gate op- 
erations are achieved, for both the unconditional (NOT) 
and the conditional (CNOT) inversion operation. An al- 
ternative route to scalability can then be foreseen since 
the information content of each quantum ring increases 
with the number of controllable states. After a short 
introduction we demonstrate conditional and uncondi- 
tional manipulations of the angular momenta and finally 
the unconditional manipulations of the spin are outlined. 

The confinement of an electron in a 2D quantum ring 
is modeled by a displaced harmonic potential rotated 
around the z-axis, giving a two-electron Hamiltonian 
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Here m* is the effective mass (m* = 0.067m e for GaAs), 
wo determines the confinement strength, r$ is the radial 
coordinate for each particle, tq is the ring radius and e r is 
the relative dielectric constant (e r = 12.4 for GaAs). Wc 
have varied the ring parameters around the values used 
in experiments [llj to optimize the gate performances 
and settled for ro = 2.5 a.u.* ps 24.5 nm and a poten- 
tial strength of huo = 15 meV, which have been used 
throughout this work. The eigenvectors and eigenvalues 
of the Hamiltonian (JTJ) are found by exact diagonaliza- 
tion [12|. Fig. Q] shows the energy spectrum (left), where 
red dashed lines denote triplet states, 5 = 1, and blue 
solid lines denote singlet states, S = 0. The right panel 
shows the two pairs of | S\Ml\) states that constitute our 
gates and the transitions to be controlled: The NOT gate 
is a logical negation operation which inverts (switches) 
the state of the qubit. Solid gray arrows indicate such a 
switch of the orbital angular momentum independently 
of the spin state. The controlled NOT (CNOT) gate is 
indicated by a single black (dashed) arrow. It changes 
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FIG. 1: The lower part of the energy spectrum of the two- 
electron quantum ring, cf. |T]), as function of angular momen- 
tum, |Mi|. Red dashed lines denote triplet states and solid 
blue lines denote singlet states. The transition routes for the 
NOT transitions are highlighted in the right panel. Solid 
arrows denote the unconditional NOT gate and the dashed 
arrow denotes the controlled NOT gate. 



the orbital angular momentum state for a spin triplet 
state, but leaves it unaffected for a singlet. Hence, for 
this operation, the spin state is the control bit and the 
angular momentum is the target bit. 

To induce the needed transitions between the different 
eigenstates of (p}, the ring is exposed to an electromag- 
netic pulse, an adiabatically varied homogeneous mag- 
netic field in the ^-direction, B (i) = (0, 0, B (t)), and a 
weak inhomogeneous magnetic field, B s (r,i), 
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resulting in a time dependent Hamiltonian H(t) = Hq + 
V ext {r,t). The electric field drives the angular momen- 
tum CNOT- and NOT gate operations, while the two 
magnetic fields are needed to perform the unconditional 
spin flip. The inhomogeneous field is typically several 
orders of magnitude weaker than Bq and is omitted in 
the diamagnetic term. Through quantum control algo- 
rithms [l3l [HI , the electric pulse E can be optimized 
with respect to the desired gate operation. 

Numerical solutions of the time dependent Schrbdinger 
equation were recently used to show that a CNOT opera- 
tion could be realized with ~ 97 % fidelity for a AM z, = 1 
transition [Io|. For this a circularly polarized electric 
field pulse, E(t) = E(t)[cos (wi^)x±sin (tj£,i)y] was driv- 
ing the transition between the two qubit levels, cf. Fig.[T] 
The transition was realized with a central frequency, wl , 
corresponding to the energy difference between the active 
Ml states, within a transition time T — 500 a.u.* ~ 28 ps 
and with an intensity E ~ 0.01 a.u.* ~ 2.4 • 10 2 W/cm 2 . 
By optimizing the transition using two independent elec- 
tric fields in the x— and y— direction we obtain a signif- 
icant improvement in fidelity as well as a shorter transi- 
tion time. The electric field is defined as a set of piecewise 
constant functions on the divided time interval, {E ti }, 



U € [0,t%, . . . , Tgnai]. During the time propagation of the 
system wavefunction, ^{t), the field components are ad- 
justed at each step according to a first order scheme [H| , 
e.g. for the x-component 



E 



l+U 



lm( X I (t l )\e(x 1 +x 2 )\^ I+1 (U))_ 



A 



(3) 



and similarly for the y-component. In (|3|) I is 
the iteration number, and X if) IS the solution to 
the Schrodinger equation with termination condition 
X 7 (T) = |$/)($/|* 7 (T)). We want to maximize the 
projection (the yield), \ l^f^t)) | 2 . The only con- 
straint in this simple scheme is an energy penalty given 
by the parameter A favoring low intensity fields. Addi- 
tional penalties on the structure and derivative of the 
control fields can be implemented to increase the fidelity 
even further [l|| . Here we utilized this possibility for the 
CNOT. Through optimization with respect to final states 
for both the singlet and the triplet systems simultane- 
ously, we are in addition able to achieve very high yields 
for the complete CNOT gate as well as for the uncondi- 
tional angular momentum flip. The optimization in the 
former case is done starting in the Ml = triplet and 
singlet states, $0 = 1 0) 1 1 0) , and using the combined 
target state, $/ = 1 0) 1 1 1). Similarly for the uncondi- 
tional angular momentum flip; we start in the singlet and 
triplet Ml = states and optimize with respect to the 
target state |0 1)|1 1). This requires complete transitions 
for two separate energy differences, implying a more com- 
plex driving field, with at least two central frequencies. 

Fig.[2]shows the transition dynamics with initial Ml = 
population for the two operations, the controlled NOT 
gate to the left, and the unconditional NOT gate to the 
right. The upper figures show the population of the 
qubits during the pulse. For the CNOT operation the ini- 
tial state |S r |Mr,|) = 1 1 0) is seen to steadily decay trans- 
ferring probability to the |1 1) state, and eventually we 
observe a complete transition. The initial singlet state, 
|00), on the other hand is transiently coupled to other 
states but recovers its initial population at the end of 
the pulse. Correspondingly, the upper right panel shows 
a nearly complete transition from Ml — to \Ml\ = 1 
for both spin states. An important gate condition is 
that the operations should work also in the opposite di- 
rections, e.g. for the CNOT operation the same pulse 
should transfer initial population in |S , |A/l|) = |11) to 
|5|Mr,|) = 1 10) while leaving the singlet state popula- 
tion unaltered. The lower panels of Fig. [2] show the truth 
tables after the completed operation for both initial con- 
ditions. The transition yields are seen to be 99.1% for 
the NOT gate and 99.8% for the CNOT gate, within 
transition times as short as 25 ps and 17 ps respectively, 
i.e. three orders of magnitude faster than the inverse 
of the typical electron-acoustical phonon scattering rates 
in GaAs-structures [l7j . For the opposite transitions 
the yields are slightly lower but all still > 98.3%. For 
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FIG. 2: Optimized qubit operations for the angular momentum transition, Ml — o \Ml\ = 1. Left: two qubit conditional 
CNOT where the transition takes place or not depending on the value of the spin qubit. Right: single qubit NOT, where 
it always takes place. Depicted is an initial population in |S|Mx,|) = |00) (solid, black) or 1 1 0} (short dashed, red) being 
transferred to |0 1) (dotted, black) or |1 1) (long dashed, red). Lower: CNOT (left) and NOT (right) gate truth table at Tfi na i. 



other linear combinations, e.g. an initial entangled state 
(| 00) + |11))/V2, imperfections are found to be less than 
4%. These results are achieved within as few as 10 iter- 
ations of the type in Eq. ([3]). Fig. [3] shows the optimized 
pulses for the CNOT and NOT gates decomposed in x— 
and y— components. The pulses are rather simple, with 
frequency spectra centered around the energy of the res- 
onance transitions. 

Finally, we consider unconditional manipulations of 
the spin. This requires inhomogeneous magnetic fields or 
other spin-mixing interactions. In principle an optimiza- 
tion algorithm as above could be used, simply switching 
spin with angular momentum. However, present tech- 
nology cannot realistically deliver inhomogeneous fields 
stronger than the mT regime across the quantum ring 
system. We propose therefore a two step procedure 
involving combined homogeneous and inhomogeneous 
fields, illustrated in Fig. @] Consider the transition from 
|5|Ml|) = 1 00) to 1 10) , i.e. from the lower singlet state 
(solid blue curve) to the upper triplet state (dashed, red 
curve). The right panel shows the energy levels in the 
presence of a homogeneous magnetic field, obtained by 
diagonalization of the Hamiltonian ([T]) in the presence 
of the Bo terms in (|5J). The field can bring the 1 00)- 
state adiabatically to the crossing point with the triplet 
state | S | Ml |) = |11). Here the spin is flipped by appli- 
cation of an inhomogeneous magnetic field over the ring. 
When the homogeneous field is subsequently decreased 
it is evident that the transition has been made to the 



'wrong' triplet state, see Fig. |4] To make the final tran- 
sition to the required triplet state 1 10) we simply apply 
the unconditional NOT as demonstrated in Fig. [2J The 
unconditional spin flip operation thus becomes, 

|*s=o/i(*)) = U^S T (t,t')U Bo (t',0)\^ s=1/o (t = 0)) (4) 

where U^ot anc ^ Ub are time evolution operators, of 
which the order is arbitrary. If the inhomogeneous mag- 
netic switch is applied at both avoided crossings (curved 
arrows) the scheme will flip the spin state regardless of 
initial state. 

The adiabatic development with homogeneous external 
magnetic fields Bo is well known and the detailed dynam- 
ics of the spin flip transition is now outlined: From deco- 
herence studies it is known that a weak inhomogeneous 
magnetic field can flip the spin state of the system. The 
strength of the magnetic fields is in these cases typically 
a few mT 0, [l8[ • With an inhomogeneous magnetic field 
~ 10 — 100 mT, the spin flip can be performed on a much 
shorter timescale than the natural process. Notably, it 
has been proposed to selectively flip the spin by making 
use of the Aharonov-Bohm effect in quantum rings 19]. 

The two spin states can, with a circular configuration, 

R ( \ - I Bs sin (0)x + B s cos(^)y, r <r 
s[r) ~ I 0, otherwise ' 1 > 

form a local two-level system. In the adiabatic basis 
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duced system sizes. Storage and control of quantum in- 
formation has thus been shown for two-level spin states 
entangled with potential multivalued angular momentum 
states. An extension of the qubit to a multibit may be 
achieved through introduction of higher excitation levels 
within each angular momentum number. The proposal 
rests on the ability to steer the system between initial 
and final states with close to 100% transition probabil- 
ity. This has indeed been achieved with relatively simple 
final pulse shapes. 

We acknowledge support from the Norwegian Research 
Council, the Swedish Research Council (VR) and from 
the Goran Gustafsson Foundation. 



FIG. 3: Optimized pulses; x- (solid, black) and y-electric field 
components (dashed, blue) for CNOT (top) and NOT (bot- 
tom) gates. 




Magnetic Field (Tesla) 

FIG. 4: a) Spin flip transitions are indicated by vertical 
arrows, b) The qubit states at zero magnetic field. Uncondi- 
tional angular momentum transitions are indicated by diag- 
onal arrows, c) The lower part of the energy spectrum as a 
function of applied homogeneous magnetic field. Solid lines 
denote singlet states and dashed lines triplet states. The qubit 
states are highlighted with thick red and blue curves. 



the dynamics at the avoided crossings is described by, 



in — 

dt 



cs=o 

CS=1 
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where cs denotes the amplitude of the two (avoided) 
crossing spin states and B = (S = l\B s (r)\S = 0) is 
the coupling induced by the inhomogeneous field. The 
spin flip is then realized as a perfect rotation around the 
z-axis (on the Bloch sphere) within a time frame, r ~ 

In conclusion we have demonstrated conditional and 
unconditional fast high fidelity quantum gates in a 
strongly coupled two-electron quantum ring model. We 
remark that the fidelity of each gate may be further im- 
proved by restricting the upper intensity of the control- 
ling fields on the expense of transition times. Alterna- 
tively it may be increased with fixed intensities and re- 
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